It was found that the vector-meson pair from the pseudoscalar decays can form an entangled state. In this work we give out detailed explanations on the polarization correlation of the two entangled vector mesons. It is demonstrated that the experimental test of the Clauser-Horne inequality can be carried out though measuring the azimuthal distribution of four pseudoscalars in the cascade decay η c → V V → (P P )(P P ), and the measurement of this process is feasible with presently available data accumulated in tau-charm factory. Moreover, a brief discussion on the polarization correlation of two vector mesons from B → V V decays is also presented.
Introduction
Although quantum mechanics (QM) represents one of the pillars of modern physics, the philosophic and physical debates on this fundamental theory continues ever since its foundation. In the seminal work [1] , Einstein, Podolsky, and Rosen (EPR) demonstrated that the QM can not provide a complete description of the "physical reality" for a two spatially separated but quantum mechanically correlated particle state which is now known as entangled state. The premises that adopt in the EPR's reasoning can be stated as local realism, where 'local' means the non-existence of action at a distance, and 'realism' is that if, without in any way disturbing a system, we can predict with certainty (i.e., with probability equal to unity) the value of a physical quantity, then there exists an element of physical reality corresponding to this physical quantity. To avoid the EPR paradox, it might be a reasonable choice to postulate some additional 'hidden variables' which will restore the completeness and causality to the theory.
Since it was assumed that the local hidden variable theory (LHVT) and QM will lead to the same observable phenomenology, in the subsequent 30 years, debates triggered by EPR stay mainly as a matter of philosophical attitude towards QM. However in 1964, J.S. Bell [2] showed that there exist a set of Bell inequalities (BI) which are the constraints imposed by LHVT and the corresponding QM predictions may violate these inequalities in some region of parameter space. From that time on, various forms of Bell's inequalities [3, 4] have provided the tool for an experimental discrimination between QM and LHVT. Many experiments have been performed mainly using the entangled photon pairs [5, 6, 7, 8] . All these experiment are substantially in consistent with the predictions of the standard QM though none of them can be regard as loophole free [9, 10] . Aiming to get a more conclusive result, and explore the entanglement with fundamental interactions other than electromagnetism [11] , there is an ongoing effort to carry out the experiment of testing Bell inequality with various physical systems [12, 13] .
The early attempts of testing LHVTs with particle physics concerns mainly with two 2-dimensional Hilbert space particles. The EPR-like features of the K 0K 0 decayed from J PC = 1 −− vector mesons had already been noticed in 1960s [14] . In this case, K 0K 0 can been considered as SU(2) doublet, which is called quasi-spins. The entangled state formed by K 0K 0 and many other alike neutral meson systems have been studied since then [15] . An experimental test of Clauser-Horne-Shimony-Holt (CHSH) inequality [3] with B 0B0 pair has been carried out in the B factory [13] . Based on the data sample of 80 × 10 6 Υ(4S) → B
0B0
decays at Belle detector at the KEKB asymmetric collider in Japan, a violation of Bell inequality was observed, though debate on whether it was genuine test of LHVTs or not still ongoing.
On the other hand, Törnquist [16] suggests using the reaction e + e − → ΛΛ → π − pπ +p to test the quantum correlations of the polarizations between the baryon pair ΛΛ. Similar process e + e − → τ + τ − → π +ν τ π − ν τ was suggested by Privitera [17] . Two typical process η c → ΛΛ, J/Ψ → ΛΛ were considered in [16] . Take η c for example, the decay distribution of the two pions from Λ decay reads
where A is the unit vector p cm π /| p cm π | in the direction of the π − momentum in the Λ center of mass frame, B corresponds to that of π + ; S, P represent the S and P wave amplitudes; |S is the spin wave functions of η c → ΛΛ. Törnqvist argued that apart from the constant α 2 and the sign before A · B, the angular distribution I( A, B) represents the correlation S|σ A · Aσ B · B|S , and A, B tags the direction of polarizations of Λ,Λ. Here the weak decay of Λ → π − P (Λ → π +P ) works as its own polarimeter. Similar argument exists for J/Ψ → ΛΛ and
On the experimental side, the DM2 Collaboration [18] observed 7.7 × 10 6 J/Ψ events with about 10 3 being identified as from process J/Ψ → ΛΛ → π − P π +P . Due to the insufficient statistics the experimental measurement does not give a very significant result. Moreover as already point out by Törnqvist, the decay processes, which are used as the spin analyzer in particle physics, happen spontaneously. Thus the observer's choice is different from that of the spin analyzer which can be chosen at will with external polarimeters. A recent work [19] discussed this issue and expressed the spin-spin correlations in terms of momentum-momentum correlations which are experimental measurable quantities. In the experimental test, the observer choice would come in with the choice of coordinate system. For more information on the study of the completeness of Quantum mechanics in high energy physics, readers are recommended to refer to [20] . In this work, we plan to give out more detailed explanation on the measurement of vector-meson entanglement, proposed recently in Ref. [21] .
The structure of the present paper goes as follows. In section 2, using the method of standard QM and quantum field theory separately, we show that the transverse polarization of the two vectors from η c exclusive decay forms an entangled state. We focus on our new proposal of testing local realism with the vector-meson pair intermediate state and demonstrated that this state allows for a experimental test of the Clauser Horne (CH) inequality [4] . In section 3 we briefly discuss the case of B meson weak decays, i.e., B → V V . Last section is assigned for conclusions.
2 Strong Decay of η c → V V
Correlations From Spin Wave Function
In above, we have briefly reviewed the existing studies of EPR like correlations of two spin- 1 2 fermions in elementary particle physics. Following, we investigate the entanglement of two spin-1 vector bosons [21] which, to the best of our knowledge, has not been employed in the test of Bell inequality. Considering a complete set of common eigenfunctions of J 2 and J z of a spin-1 particle, one can get the matrices representations of the spin operators J x , J y , J z in the following form
A spin operator along arbitrary direction r = (sin θ cos ϕ, sin θ sin ϕ, cos θ), see Fig. (1), can be written as
whose eigenvectors are
Defining the plane perpendicular to z axis as x-y plane, and
where n is an unit vector in x-y plane with azimuthal angle ϕ, then we have
The eigenvector of Eq. (6) is similar to those of Eq.(4) but with θ =
The decay of η c → V V undergoes a strong interaction where the parity and angular momentum are both conserved. Here the two vector mesons can be (φφ), (ρρ), (K * K * ). Each pair can form a neutral system composed of boson and anti-boson. The charge and parity conjugation of the system are determined by
where L is the orbital angular momentum and S is the total spin of the system. The pseudoscalar η c carries the quantum number J P C = 0 −+ . From this initial value of J P C , the total spin S of the vector-meson-pair system can be determined as follows. First, the parity conservation and Eq. (9) require that the orbital angular momentum of the system must be odd. Thus we have L = 1, 3, · · · . Second, in a system composed by two vector mesons, S can only be (0, 1, 2). These two conditions together with the consideration of total angular momentum conservation or Eq. (8), we get that the total spin of the vector-meson pair can only be 1.
We choose the momentum of V 2 to be directed along the z axes in the η c meson rest frame, see Fig.(2) . The spin wave function of the two vectors with total spin 1 is
where s can be 0, ±1. Due to the reason of Eq.(18) which will be discussed in the next subsection, here we only consider the case of s = 0. The wave function now reads as
where V 1,2 represent the two vector mesons form η c , |0 ϕ 1 ,ϕ 2 are the eigenstate of J ϕ 1 ,ϕ 2 with eigenvalue m ϕ 1 ,ϕ 2 = 0. Here J ϕ is the spin operator projected in the x-y plane, as defined in Eq.(5). It is easy to check that Eq. (12) is rotation invariant about the z-axis, see (I) of A classical demonstration of the angular distribution of vector decays (V → P P , P stands for pseudoscalar) is shown in Fig.(2) . Suppose we consider the decay of the two vector mesons separately, the angular distribution of two pseudoscalars from V 2 (V 1 ) is axisymmetric along z axis, see (I) of Fig.(2) . Contrarily if a measurement of spin is performed on one of the vectors, the wave function Eq.(12) will collapse to one of its superposed items (i.e., |0
The distribution of the two pseudoscalars from V 2 (V 1 ) will take the form of (II) in Fig.(2) . This bears an analogy to Bohm's version of the EPR paradox [23] : if we measure the zero component of the spin of V 2 and find that it is along the direction ϕ (i.e. it is in the state |0 ϕ ) then the wave function of particle V 1 will be determined simultaneously, which is |0 ϕ+ π 2 , no matter how far it is from V 2 . We can calculate the probability that the spin angular momentum of one particle has zero component along ϕ 1 and the other one has zero component along ϕ 2 . From the spin wave function Eq.(12) we can get
where P (m ϕ 1 = 0, m ϕ 2 = 0) is the probability that particle V 1 is in the state |0 ϕ 1 and particle V 2 is in the state |0 ϕ 2 . For only the azimuthal angle ϕ is relevant in P (m ϕ 1 = 0, m ϕ 2 = 0), we can write it as P (ϕ 1 , ϕ 2 ) for short.
Correlations From η c → V V Decay Amplitude
Although we have found that the vector pairs from η c are in entangled state by the analysis of the conservation lows, both the decay processes η c → V V (entanglement generation) and V → P P (entanglement manifestation) are only well described by quantum field theory. In this sense we should reformulate the entanglement in the language of quantum field theory.
Parity and Lorentz invariance constrain the decay amplitude of η c → V 1 (p, ǫ * )V 2 (q, ǫ ′ * ), see Fig.(3,4) , to have the following tensor structure
where S is a scalar amplitude. One can choose a basis of amplitudes describing decays to the final state particles with definite helicity
Here, we choose q to be directed in positive z-direction in the η c rest frame, see Fig.(4) , and the polarization four-vector of the light vector mesons such that in a frame where both light mesons have large momentum along the z-axis
The decay amplitude of
with
Here, n 1,2 is the unit vector along the direction projected by r 1,2 in the x-y plane and θ 1,2 both range from 0 to π, ϕ ranges from 0 to 2π, see Fig.(4) . Clearly the wave function |Ψ in Eq.(19) describing the transverse polarizations of the two vectors is an entangled state, and it describes the same wave function as that of Eq.(12). Integrate over θ 1,2 we have
where Eq. (23) is the QM definition of the probability that one particle polarized in n 1 direction and the other polarized in direction n 2 . Without loss of generality we can write P (ϕ 1 , ϕ 2 ) instead of P ( n 1 , n 2 ), where ϕ 1,2 are the azimuthal angles of n 1,2 correspondingly. The relation between the azimuthal distribution of the four pseudoscalars from the two vector mesons and the probability P (ϕ 1 , ϕ 2 ) now can be expressed as
where
, C p is a constant of the integration. Note that in Eq.(25) the magnitude of the probability P (ϕ 1 , ϕ 2 ) is model dependent, however to reach (25) one does not bother to consider any concrete model.
The right hand side of Eq. (24) represents the fraction of the differential decay width that the four pseudoscalars observed at relative azimuthal angle ϕ to the total decay width which corresponds to the integration over all possible ϕ. The left hand side of Eq. (24) is the probability that one vector polarized in n 1 (ϕ 1 ) direction and the other polarized in n 2 (ϕ 2 ) direction divided by C p which corresponds to the probability P (ϕ 1 , ϕ 2 ) integrating over all the possible relative angles. From Eqs. (22, 25) we can infer that, in one particular event where the four pseudoscalars move with momenta p 1 , p 2 , q 1 , q 2 , as shown in Fig.(4) , the azimuthal angle ϕ between two decay planes of the entangled vector meson pairs is just the angle between n 1 , n 2 . This process can be regard as a measurement of the polarizations of V 1,2 along n 1,2 and the projection probability of vector mesons transverse polarization in the directions of ( n 1 , n 2 ) is given by the partial decay width at the fixed azimuthal angle ϕ up to an overall proportionality factor C p . Thus the subsequent two body decays of the two vectors act as their own polarization analyzers.
The proportionality factor C p in Eq. (25) can be determined if P (ϕ 1 , ϕ 2 ) is given. For example, quantum mechanical prediction of P (ϕ 1 , ϕ 2 ) is given by Eq. (23) and in a naive local hidden variable model [22] , P (ϕ 1 , ϕ 2 ) can also be derived. Under these two models we have the following results QM:
LHVT:
where Eq. (26) is the quantum mechanical result, and Eq. (27) is obtained using the mentioned naive LHVT model. Taking Eq. (26, 27) into Eq. (25) we get
Generally, different models will give different form of P (ϕ 1 , ϕ 2 ) which is direct related to experimental measurable quantity through Eq.(25).
Test Bell Inequality with Vector-meson pair
We have got the QM predictions of the probability P (ϕ 1 , ϕ 2 ) (i.e., Eq. (13) or Eq. (23)). Here we show that these predictions violate the Bell inequality imposed by LHVTs. To proceed the analysis, we first reformulate the entangled state of Eqs. (12, 19) in a more compact form. Further observations of Eq. (19) indicate that it describes the wave function similar to that of entangled photon pairs in [23] . Because of the rotation invariance about z-axis, we can write Eq. (19) in the following form
where ǫ(ϕ) is polarization vector along direction ϕ, and ϕ ⊥ has the same definition as Eq. (12). From Eq. (29) we can infer that, if we measure the transverse polarization of the vector meson V 1 along direction ϕ, it must be along or perpendicular to ϕ direction. The polarization of particle V 2 can then be determined simultaneously, and it must be polarized perpendicular to that of V 1 .
Suppose that state (29) can be described by a set of parameters λ. Let the probabilities of a count triggered by the decayed V 1 , V 2 polarized along ϕ be p(ϕ, λ) and q(ϕ, λ) separately. p(ϕ, λ), q(ϕ, λ) ∈ [0, 1] must hold if the probabilities are sensible. As a consequence of normalization condition
we have a natural condition [24] 0
According to LHVT, the probability p(ϕ, λ) of V 1 is independent on the setting of the probability q(ϕ ′ , λ) on particle V 2 , and vice versa. The probability of particle V 1 polarized along ϕ 1 and particle V 2 polarized along ϕ 2 is given by
where ρ(λ) dλ = 1. Using the simple algebraic theorem [4] − XY ≤ xy − xy
where x, x ′ , y, y ′ , X, Y are real numbers, and 0
′ , y, y ′ , we can get
where we set X = 1, Y = 1. Taking Eq. (31) into Eq.(34), we have
Integrate over λ we get the following inequality
This is just the constraints of P (ϕ 1 , ϕ 2 ) imposed by LHVT. Taking the quantum mechanical predictions of Eq. (13) or Eq.(23) into the inequality (36) we arrive at
Eq.(37) is violated when
In this case the left side of inequality (37) is
which is greater than the right side value 1. Thus an experimental measurement of different P (ϕ 1 , ϕ 2 ) through Eq.(28) will determine whether LHVT's constraint Eq.(36) is satisfied or not.
Eq.(36) is a CH type inequality which bears no additional assumptions. If we adopt the no-enhancement assumption [4] , the CH inequality then takes the following form
where symbol ∞ denotes the absence of analyzer on the corresponding side. If we further assume that P (ϕ 1 , ∞) = P (ϕ 1 , ϕ 2 ) + P (ϕ 1 , ϕ 2⊥ ) [25, 26] , then Eq.(39) can be expressed as
where ϕ 1⊥ , ϕ ′ 2⊥ is the orthogonal directions
Substituting the quantum mechanical results
into inequality (40), we have
which is numerically equivalent to inequality (37). This inequality is also violated by quantum mechanics when
which takes the same angle layout as in (38) and leads to the same violation
≤ 0 as well.
There are some differences between the two inequalities, Eq.(36) and Eq.(40). The inequality Eq.(36) is an inhomogeneous inequality which contains coincidence probabilities together with numbers, while Eq.(40) which only comparing several coincidence probabilities among themselves is a homogeneous one [9] . From a practical point of view, the homogeneous inequality allows tests involving only coincidence counting rates. The inequality will be insensitive to many scale factors like detector efficiencies in this case and is extremely convenient for a real experiment. However the derivation of homogeneous inequalities require additional assumptions besides locality and realism [9, 27] . And because of this only the test of inhomogeneous inequality was considered as a genuine test of local realism [9] .
To carry out the test of Bell type inequality, the decay angles ϕs should generally be chosen actively by experimenters, but this is not the case for mesons due to the passive character of their decays. Thus, here only a restricted class of LR can be tested, like in [28] . A genuine Bell test also requires the decay events of two vector mesons V 1 and V 2 to be spacelike separated. For the strongly decayed vector mesons (φ, ρ, et al), it is difficult to spatially distinguish the vertexes between them. Thus we can not guarantee for each particular event of η c → V V → (P P )(P P ) that the decays of two vector mesons are space-like separated. However we can derive the fraction of space-like separated events over all the decay events. Given x 1 and x 2 the distance (in η c rest frame) from the η c decay point to the decay points of two φ (or (ρρ), (K * (892)K * (892)), et al), the space-like condition is [16] 
where k =
The fraction of the space-like separated decay events of the vector meson pairs is
Clearly this fraction equals β V [16] . For the space-like events, constraint imposed on P (ϕ 1 , ϕ 2 )s by the restricted class of local realism is given by Eq.(36) where the upper limit is 1. As for the non space-like events, the upper limit of the left hand side of Eq.(36) can rise up to 3/2. In the mixture of space-like and non space-like events with the ratio of β V and 1 − β V , the upper limit of left hand side of Eq.(36) is [28] 1
Thus one get the lower bound of the ratio β ≥ 2 − √ 2 to carry out the test of local realism.
In practice, we can choose the reactions to be η c → φφ or η c → ρρ. The subsequent two body decays processes are
All these decays are well-established and give large branching fractions: ρ → ππ ∼ 100% and
.6% (34.0 ± 0.5%) [29] . The β V value for ρ(770) and φ(1020) from η c decay are β ρ = 0.856 and β φ = 0.729, both are greater that the lower bound 2 − √ 2 ≈ 0.586.
The Weak Decays of B → V V
Now consider the polarization correlation of the vectors that arises in B meson weak decays B → V V . It is interesting here because the P parity is violated in weak interactions. The general structure of the decay amplitude of
with convention ε 0123 = 1. Choose a basis of amplitudes describing decays to final state particles with definite helicity
or use the transverse amplitudes, where A ± are replaced by
which corresponding to linearly polarized final states. The full angular dependence of the cascade decay where both vector mesons decay into pseudoscalar particles is given by [30] dΓ 
Five observables corresponding to the three magnitudes and two relative phases of the helicity amplitudes can be defined. The typical set of observables consists of the branching fraction, two out of the three polarization fractions f L , f , f ⊥ , and two phases φ , φ ⊥ , where
Conclusions
We have studied the quantum nonlocality nature by virtue of P → V V process based on a recent proposal of testing local realism in η c → V V decays. Contrary to the measurement of correlation functions of polarization, which were employed in proposed processes e + e − → ΛΛ and e + e − → τ − τ − , the CH inequality we adopted here for experimental test involves only the probabilities of transverse polarization states of the vector mesons. This reaps the benefit of the boost invariant of transverse polarization along the momentum direction of any one of the two vector mesons in η c rest frame. The probabilities in the CH inequality are proved to be proportional to the differential decay widths of subsequent vector meson, φ or ρ, two-body decays. Since the measurements on φ and ρ to two-pseudoscalar decays are well established in experiment, and all these decays possess large branching fractions, the P → V V processes therefore enables us to perform the test of local realism in quantum mechanics into the high energy regime.
